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Abstract
We compute part of the superfield in terms of the component fields of 11-
dimensional on-shell supergravity by using ‘Gauge completion’ in 2nd-order for-
malism. The result is the same as was derived recently in 1.5-order formalism by B.
de Wit, K. Peeters and J. Plefka. We use 2nd-order formalism because in order to
hold κ-invariance generally 2nd-order formalism is more hopeful and simpler than
1.5-order formalism.
1
1 Introduction
Some years ago, T. Banks, W. Fischler, S. H. Shenker and L. Susskind (BFSS) proposed
that Matrix theory gives a complete description of light-front M-theory [1]. It had been
proposed as a theory of D0-branes by E. Witten [2].
In two years following the BFSS conjecture, it has become clear that Matrix model
encodes a remarkable amount of the structure of M-theory and 11-dimensional supergrav-
ity(for reviews, see [3]). The interaction between gravitons in Matrix theory has been
shown to agree with supergravity to some extent [4].
However, this theory is constructed on flat spacetime, therefore Matrix theory on
curved backgrounds is required. For single D0-branes, the theory on curved backgrounds
is expected to be described by Born-Infeld action [5]. For multi-particle system of D0-
branes, namely Matrix model, the theory on curved backgrounds is as yet unknown.
There are many trials to this problem. For example, starting from flat Matrix theory,
backgrounds are produced by many D0-branes [6]. The other idea is that it is expected
as supermembrane on curved backgrounds [7]. In this paper we adopt the later idea.
The theory of supermembrane is described as nonlinear sigma model [8]. Supermem-
brane consistently couples to 11-dimensional superspace backgrounds that satisfy a num-
ber of constraints which are equivalent to 11-dimensional on-shell supergravity [9]. After
light cone gauge fixing and κ-symmetry gauge fixing, supermembrane theory on flat back-
grounds is equivalent to a quantum-mechanical model with supersymmetric U(N) gauge
symmetry in the large N limit by use of matrix regularization [10]. It has a contin-
uous mass spectrum and instability [11], therefore it is expected that supermembrane
matrix theory describes second quantization of D0-branes [12]. From the beginning of
sigma model, it couples to general backgrounds, therefore it is expected that sigma model
on curved backgrounds is candidate of Matrix theory on curved backgrounds. Actually
curved backgrounds for supermembrane were investigated [7]. In this reference, they used
‘1.5-order formalism’.
In this paper, we use ‘2nd-order formalism’ because in order to hold the κ-invariance
generally ‘2nd-order formalism’ is simpler and more hopeful than ‘1.5-order formalism’.
We obtain the result that is the same as that was drived in this reference [7] up to obtained
components. And the equations for higher order components in ‘2nd-order formalism’ are
different from those in ‘1.5-order formalism’.
The paper is organized as follows. In section 2, we review the supermembrane the-
ory and the condition of κ-symmetry. In section 3, we explain our notations of the
11-dimensional supergravity and obtain the full algebra of transformations in component
formalism. In section 4, we explain our notations of the superspace geometry and ob-
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tain the full algebra of transformations in superspace. In section 5, we explain ‘gauge
completion’ and compute part of the superfields. In section 6, we discuss importance of
2nd-order formalism. Other notations and conventions used throughout this paper are
summarized in Appendix.
2 Supermembrane theory
Super membrane theory is described as nonlinear sigma model [8]. It is written in terms
of superspace embedding coordinates ZM(ξ) = (Xm(ξ), θ(ξ)) , which are functions of the
three world-volume coordinate ξi(i = 0, 1, 2) .
The action is
I =
∫
d3ξ(−1
2
√−ggijΠ ai Π bj ηab +
1
2
√−g − 1
6
ǫijkΠ Ai Π
B
j Π
C
k BCBA), (2.1)
where gij is the metric of the world-volume, g = det(gij) and Π
A
i ≡ ∂iZME AM . E AM
is supervielbein, and the 3-form B = 1
6
EAEBECBCBA is potential for the closed 4-form
H = dB .
This action has the following symmetries,
world-volume reparametrization ηi(ξ)
δZM = ηi∂iZ
M ,
δgij = η
k∂kgij + 2∂(iη
kgj)k, (2.2)
κ-symmetry κα(ξ)
δZME aM = 0,
δZME αM = (1 + Γ
α
β)κ
β,
δ(
√−ggij) = −2(1 + Γαβ)κβΓab αγΠ γn gn(iǫj)klΠ ak Π bl
+
−2
3
√−gκ
αΓc αβΠ
kβΠckǫ
mn(iǫj)pq
(Π amΠpaΠ
b
n Πqb +Π
a
mΠpagnq + gmpgnq), (2.3)
where κα(ξ) is anticommuting space time spinor and the matrix Γ is defined by
Γ =
1
6
√−g ǫ
ijkΠ ai Π
b
j Π
c
k Γabc. (2.4)
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Up to surface terms the κ-invariance of this action imposes the following constraints on
the 11-dimensional superspace geometry [9].
T aαβ = −2Γa αβ,
Hαβ ab = −2Γab αβ ,
Hαβγδ = Hαβγd = Hαbcd = 0,
T αβγ = T
a
bc = T
a
bγ = 0. (2.5)
The equations of motion which follow from this action are
0 = gij − Π ai Π bj ηab, (2.6)
0 = ∂i(
√−ggijΠ aj ) +
√−gΠ bi ΠiCΩ aCb
+ǫijkΠib(Π
α
j Γ
ab
αβΠ
β
k )
+
1
6
ǫijkΠ bi Π
c
j Π
d
k H
a
bcd, (2.7)
0 = ((1− Γ)ΠiaΓa)αβΠ βi . (2.8)
Using (2.6), the action (2.1) can be rewritten as
I =
∫
d3ξ(−√−g − 1
6
ǫijkΠ Ai Π
B
j Π
C
k BCBA). (2.9)
Flat superspace is characterized by
E am = δ
a
m ,
E aµ = −(Γaθ)µ,
E αm = 0,
E αµ = δ
α
µ ,
Bγβα = θ¯Γmn(γ θ¯Γ
m
β θ¯Γ
n
α),
Bcβα = −θ¯Γcd(β θ¯Γdα),
Bcbα = (θ¯Γcb)α,
Bcba = 0. (2.10)
In flat superspace, the action (2.9) becomes
I =
∫
d3ξ{−√−g − ǫijkθ¯Γmn∂kθ(1
2
∂iX
m(∂jX
n + θ¯Γn∂jθ) +
1
6
θ¯Γm∂iθθ¯Γ
n∂jθ)}. (2.11)
From this action, after gauge fixing of κ-symmetry and reparametrization invariance,
using matrix regularization we obtain Matrix model [10]. In this paper we don’t struggle
in more detail.
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3 11-dimensional supergravity
Supergravity in 11-dimensional spacetime is based on ‘elfbein’ field e am , a Majorana grav-
itino field ψ αm and third rank antisymmetric gauge field Cklm. Its Lagrangian can be
written as follows [13][7].
L = −1
2
eR − 2eψ¯mΓmnlDn(1
2
(ω + ωˆ))ψl − 1
96
eF 2
− 1
41472
ǫm1...m11Fm1...m4Fm5...m8Cm9...m11
− 1
96
e(ψ¯nΓ
m1...m4nlψl + 12ψ¯
m1Γm2m3ψm4)(F + Fˆ )m1...m4. (3.1)
where e = dete am , and ω
a
m bdenotes the spin connection
ω am b = −ena∂[men]b + elaenbe cm∂[len]c + enb∂[me an]
+2(ψ¯mΓbψ
a + ψ¯bΓmψ
a − ψ¯mΓaψb)− 1
2
ψ¯nΓ
a np
m b ψp, (3.2)
and Fklmn denotes the field strength of the antisymmetric tensor
Fklmn = 4∂[kClmn]. (3.3)
The derivative Dm is covariant with respect to local Lorentz transformations,
Dm(ω)ǫ ≡ (∂m − 1
4
ωmabΓ
ab)ǫ. (3.4)
Supersymmetry transformations are equal to
δse
a
m = 2ǫ¯Γ
aψm,
δsψm = Dm(ωˆ)ǫ+ T
rstu
m ǫFˆrstu ≡ Dˆǫ,
δsCklm = −6ǫ¯Γ[klψm], (3.5)
with, T rstum ≡
1
288
(Γ rstum − 8δ[rmΓstu]), (3.6)
where Fˆ is the supercovariant field strength,
Fˆklmn = Fklmn + 12ψ¯[kΓlmψn], (3.7)
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and ωˆ is the supercovariant spin connection
ωˆ am b = ω
a
m b +
1
2
ψ¯nΓ
a np
m b ψp. (3.8)
Note that the spin connection ω has supersymmetry variation according to elfbein and
gravitino’s variation in 2nd-order formalism [14]. While in 1.5-order formalism, it is
defined as a dependent field determined by its equation of motion, whereas its supersym-
metry variation is treated as if it were an independent field [15]. In this paper we use
2nd-order formalism.
The gauge transformations are equal to
δcCmnl = 3∂[mξnl]. (3.9)
The local Lorentz transformations are equal to
δle
a
m = λ
a
be
b
m ,
δlψ
α
m =
1
4
λabΓ
abα
βψ
β
m ,
δlω
a
m b = ∂mλ
a
b + λ
a
cω
c
m b − ω am cλcb. (3.10)
The general coordinate transformation are equal to
δge
a
m = ξ
n∂ne
a
m + ∂mξ
ne an ,
δgω
a
m b = ξ
n∂nω
a
m b + ∂mξ
nω an b,
δgψ
a
m = ξ
n∂nψ
a
m + ∂mξ
nψ an ,
δgCmnl = ξ
n∂nCmnl + 3∂[mξ
kC|k|nl]. (3.11)
We obtain the full algebra of these transformations as follows
[δg(ξ1) + δs(ǫ1) + δl(λ1) + δc(ξ1mn), δg(ξ2) + δs(ǫ2) + δl(λ2) + δc(ξ2mn)]
= δg(ξ3) + δs(ǫ3) + δl(λ3) + δc(ξ3mn), (3.12)
where
ξm3 = ξ
n
2 ∂nξ
m
1 + ǫ¯2Γ
mǫ1 − (1↔ 2),
ǫ3 = −ǫ¯2Γnǫ1ψn − ξn1 ∂nǫ2 +
1
4
λ2cdΓ
cdǫ1 − (1↔ 2),
λ a3 b = −ǫ¯2Γnǫ1ωˆ an b − ξn1 ∂nλ a2 b + λ a2 cλ c1 b
+
1
144
ǫ¯2(Γ
a rstu
b Fˆrstu + 24ΓrsFˆ
a rs
b )ǫ1 − (1↔ 2),
ξ3mn = −ǫ¯2Γkǫ1Ckmn − ǫ¯2Γmnǫ1 − ξk1∂kξ2mn − 2ξk1∂[mξ2n]k
−(1↔ 2). (3.13)
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4 Superspace representation
In this section, we explain notations of the superspace geometry and obtain the full
algebra of transformations in 11-dimensional superspace. As usual, we suppose that
the superspace has Lorentzian tangent space structure and the vielbein E AM and the
connection Ω BMA and the corresponding 1-forms
EA = dzME AM ,
Ω BA = dz
MΩ BMA . (4.1)
The Lorentzian assumption implies
Ωab = −Ωba,
Ωαb = 0,
Ωαβ =
1
4
ΩabΓ
ab
αβ . (4.2)
There are also 3-form potential
B =
1
3!
dzLdzMdzNBNML, (4.3)
and field strength 4-form
H = dB =
1
4!
dzKdzLdzMdzNHNMLK . (4.4)
From these basic fields we can define the torsion and curvature as follows
TA ≡ DEA,
R BA ≡ dΩ BA + Ω CA Ω BC , (4.5)
where covariant derivative D is defined as follows
DEA ≡ dEA + EBΩ AB . (4.6)
One then has the Bianchi identities
DTA = EBR AB ,
DR BA = 0,
DH = 0. (4.7)
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The supertransformation is equal to
δTXMp...M1 = Ξ
K∂KXMp...M1 + p∂[MpΞ
KX|K|Mp−1...M1] (4.8)
for p-form’s components. The local Lorentz transformations are equal to
δLE
A = EBΛ AB ,
δLΩ
A
B = −Λ CB Ω AC + Ω CB Λ AC − dΛ AB . (4.9)
The supergauge transformations are equal to
δGBLMN = 3∂[LΞMN ]. (4.10)
We obtain the full algebra of these transformations as follows
[δT (Ξ1) + δL(Λ1) + δG(Ξ1MN), δT (Ξ2) + δL(Λ2) + δG(Ξ2MN)]
= δT (Ξ3) + δL(Λ3) + δG(Ξ3MN), (4.11)
where,
ΞK3 = Ξ
L
2 ∂LΞ
K
1 + δ1Ξ
K
2 − (1↔ 2),
Λ B3A = −ΞK1 ∂kΛ B2A + δ1Λ B2A + Λ C1A Λ B2C − (1↔ 2),
Ξ3MN = δ1Λ2MN − ΞK1 ∂KΞ2MN − 2∂[MΞ2N ]KΞK1 − (1↔ 2). (4.12)
There are a great number of component fields in superspace. Thus if we try to identify
superspace representation as ordinary supergravity, there are a great number of unknown
degrees of freedom. The method of this identification is known as ‘gauge completion’ [16].
We shall explain it in the next section.
5 Gauge completion
‘Gauge completion’ was introduced in order to identify superspace representation as on-
shell supergravity [16]. In this section we review this method and compute part of the
superfield in terms of the on-shell supergravity fields.
Using this method in 2nd-order formalism, up to first order in anticommuting coordi-
nates, the superfield component was investigated by E. Cremmer and S. Ferrara [9]. And
in 1.5-order formalism, part of component at second order in anticommuting coordinates
was investigated by B. de Wit, K. Peeters and J. Plefka [7].
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‘Gauge completion’ is finding the superfields and superparameters which are compat-
ible with ordinary supergravity. That is to say, supertransformations (4.8) - (4.10) are
identified as transformations in 11-dimensional spacetime (3.5) - (3.11) and the θ = 0 com-
ponents of superfields and super parameters are identified as the fields and parameters of
ordinary supergravity.
Firstly, a gauge is chosen as follows
E a(0)m = e
a
m ,
E α(0)m = ψ
α
m ,
Ω
a(0)
mb = −ωˆ am b,
Ξm(0) = ξm,
Ξα(0) = ǫα,
Ξ(0)mn = ξmn,
B
(0)
mnl = Cmnl. (5.1)
From (4.9) and (3.10), we obtain
Λ
a (0)
b = λ
a
b. (5.2)
And we introduce some assumptions as follows
Ξ
(0)
µN = 0,
Ξ
(1)
µN = 0. (5.3)
Then, the higher order component in anticommuting coordinates can be obtained by
requiring consistency between the algebra of superspace supergravity and that of ordinary
supergravity.
To make this procedure clear, we write one simple example explicitly. We take θ = 0
component of vielbein.
According to superspace algebra,
δE am |θ=0 = (ΞK∂KE am + ∂mΞKE aK + E bmΛ ab )|θ=0
= ξk∂ke
a
m + ∂mξ
ke ak + ǫ
ν∂ν(E
a(1)
m )
+∂mǫ
νE a(1)ν + e
b
mλ
a
b, (5.4)
while in ordinary supergravity
δe am = ξ
k∂ke
a
m + ∂mξ
ke ak + 2ǫ¯Γ
aψm + λ
a
be
b
m . (5.5)
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Thus, we obtain
E a (0)ν = 0,
E a(1)m = 2θ¯Γ
aψm. (5.6)
By this procedure, we obtain the following results.
E am = e
a
m + 2θ¯Γ
aψm − 1
4
θ¯Γacdθωˆmcd +
1
72
θ¯Γ rstm θFˆ
a
rst
+
1
288
θ¯ΓrstuθFˆrstue
a
m −
1
36
θ¯ΓastuθFˆmstu +O(θ3), (5.7)
E αm = ψ
α
m −
1
4
ωˆmab(Γ
abθ)α + (T rstum θ)
αFˆrstu +O(θ2), (5.8)
E aµ = −(Γaθ)µ +O(θ2), (5.9)
E αµ = δ
α
µ +O(θ2), (5.10)
Ω aµb =
1
144
{(Γa rstub θ)µFˆrstu + 24(Γrsθ)µFˆ a rsb }+O(θ2), (5.11)
Ωmab = ωˆmab + 2θ¯{enaekb(−ΓkD[mψn] + ΓnD[mψk] + ΓmD[nψk])}
−ψ¯aΓbT rstum θFˆrstu + ψ¯mΓbT rstua θFˆrstu + ψ¯bΓaT rstum θFˆrstu
−ψ¯mΓaT rstub θFˆrstu − ψ¯mΓaT rstub θFˆrstu
+ψ¯bΓmT
rstu
a θFˆrstu +O(θ2), (5.12)
Bmnl = Cmnl − 6θ¯Γ[mnψl] + 3
4
ωˆ cd[l θ¯Γmn]cdθ −
3
2
ωˆ[lmn]θ
2
− 1
96
θ¯Γ rstumnl θFˆrstu −
3
8
θ¯Γ rs[l θFˆ|rs|mn] − 12θ¯Γaψ[mθ¯Γanψl]
+O(θ3), (5.13)
Blmµ = (θ¯Γlm)µ +O(θ2), (5.14)
Bmµν = (θ¯Γmn)(µ(θ¯Γ
n)ν) +O(θ2), (5.15)
Bµνρ = (θ¯Γmn)(µ(θ¯Γ
m)ν(θ¯Γ
n)ρ) +O(θ2), (5.16)
Ξm = ξm + θ¯Γmǫ− θ¯Γnǫθ¯Γmψn +O(θ2), (5.17)
Ξµ = ǫµ − 1
4
λcd(Γ
cdθ)µ − θ¯Γnǫψ µn +O(θ2), (5.18)
Λ ab = λ
a
b − θ¯Γnǫωˆ an b +
1
144
θ¯(Γa rstub Fˆrstu + 24ΓrsFˆ
a rs
b )ǫ+O(θ2), (5.19)
Ξmn = ξmn − (θ¯ΓpǫCpmn + θ¯Γmnǫ) +O(θ2), (5.20)
Ξmµ = O(θ2), (5.21)
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Ξµν = O(θ2). (5.22)
3-form fields are obtained up to first order in anticommuting coordinates. In order to
compute this at second order in anticommuting coordinates, the superparameter ΞMN at
second order is needed. And in order to compute ΞMN at second order in anticommuting
coordinates, the superparameter ΞM at second order is needed. Thus we can’t compute
3-form fields at second order. However, because flat geometry is known (2.10), we include
the θ3 term in Bµνρ and the θ
2 term in Bmµν for completeness.
We obtained all components which was required in order to write the action (2.1) up
to θ2 term.
The components of vielbein and 3-form field obtained above is the same as was con-
structed before [7]. Thus this result holds the invariance of κ-symmetry. However the
other components and the equations which components of vielbein and 3-form and su-
perparameter at second order in anticommuting coordinates must obey are different from
those in reference [7]. These can be written explicitly as follows,
0 = Xk∂ke
a
m + ∂mX
ke ak − ǫ¯2Γkǫ1(ψ µk ∂µE a(2)m + ωˆ[m|cd|θ¯ΓaΓcdψk])
+2θ¯Γbψm{−ǫ¯2Γnǫ1ωˆ an b +
1
144
ǫ¯2(Γ
a rstu
b Fˆrstu + 24ΓrsFˆ
a rs
b )ǫ1}
− 1
288
ǫ¯2(Γ
rstu
cd Fˆrstu + 24ΓrsFˆ
rs
cd )ǫ1θ¯Γ
aΓcdψm + e
b
mY
a
b
+2{ǫ¯ ν2 ∂νΞ µ(2)1 − θ¯Γkǫ2ψ¯kΓnǫ1ψ µn +
1
4
θ¯Γkǫ2ωˆkcd(Γ
cdǫ1)
µ
−θ¯Γkǫ2Fˆrstu(T rstuk ǫ1)µ}(Γaψm)µ
−(1↔ 2), (5.23)
where
Xk = ǫν2∂νΞ
k(2)
1 + θ¯Γ
nǫ1ǫ¯2Γ
kψn + ǫ¯2Γ
nǫ1θ¯Γ
kψn, (5.24)
Y ab = −θ¯Γnǫ1ǫ¯2Γkψnωˆ ak b − ǫ ν1 ∂νΛ a2b
+
1
144
θ¯Γkǫ1ψ¯k(Γ
a rstu
b Fˆrstu + 24ΓrsFˆ
a rs
b )ǫ2
− 1
18
ǫ¯1Γ
rψwθ¯Γ
a wstu
b ǫ2Fˆrstu −
2
3
ǫ¯1Γ
tψkθ¯Γ
kuǫ2Fˆ
a
btu
−1
3
θ¯Γtuǫ2ǫ¯1Γ
rψaFˆrbtu − 1
3
θ¯Γtuǫ2ǫ¯1Γ
sψbFˆ
a
stu
−2θ¯Γnǫ2ekael b(−ǫ¯1ΓlDˆ[nψk] + ǫ¯1ΓkDˆ[nψl] + ǫ¯1ΓnDˆ[kψl])
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−1
3
θ¯Γnǫ2ǫ¯1Γ
stψnFˆ
a
bst
− 1
108
(θ¯Γa rstub ǫ2 + 24θ¯Γ
tuǫ2e
raesb)ǫ¯1Γ
wxy
[rs ψtFˆu]wxy
−1
6
(θ¯Γa rstub ǫ2 + 24θ¯Γ
tuǫ2e
raesb)ǫ¯1Γ[rsDˆtψu]
− 1
18
(θ¯Γa rstub ǫ2 + 24θ¯Γ
tuǫ2e
raesb)ǫ¯1Γ
wψ[rFˆstu]w. (5.25)
There are ∂m terms in Y
a
b . Thus Ξ
k(2) is different from that in reference [7]. The other
components are also different from that in reference [7].
6 Discussion
Using 2nd-order formalism we obtained the same results as that was given in reference [7]
up to obtained components, but at higher order it seems to be different from that in
1.5-order formalism. In order to obtain superspace geometry which holds κ-invariance
2nd-order formalism may be much simpler and more hopeful than 1.5-order formalism.
As seen in section 2, the condition for κ-invariance is given on torsion. From the definition
of torsion (4.5),
E βm E
γ
n T
a
γβ = 2∂[nE
a
m] + 2E
b
[m Ω
a
n]b , (6.1)
at θ = 0 component,
ψ βm ψ
γ
n T
a
γβ = 2∂[ne
a
m] − 2e b[m ωˆ an] b. (6.2)
This is compatible with definition of spin connection (3.2) and constraint for κ-invariance
(2.5).
If we use 1.5-order formalism, the constraint (2.5) is not invariant under supersymme-
try transformations. Thus κ-invariance of action (2.1) will be realized in very complicated
form at higher order in anticommuting coordinates.
But, if we use 2nd-order formalism we can obtain superfields which hold the conditions
(2.5). Thus for higher components in order to hold κ-invariance 2nd-order formalism is
expected to be more hopeful than 1.5-order formalism.
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Appendix
Our notations are almost same as that used in a text by J. Wess and J. Bagger [17].
A Indices
We use Greek indices for spinorial components and Latin indices for vector components.
And we use former alphabet for the tangent space indices and later for general coordinates
indices: a, b, c, ... for tangent vector indices and k, l,m, ... for general vector indices, and
α, β, ... for tangent spinorial indices and µ, ν, ... for general spinorial indices.
Superspace coordinates (xm, θµ) are designated ZM , where later capital Latin alphabet
M,N, .. are collective designations for general coordinate indices. While former capital
Latin alphabet A,B, .. are collective designations for tangent space indices.
B p-form superfield
Vielbein is represented by E AM and its inverse is E˜
M
A , which is defined as follows,
E˜ MA E
B
M = δ
B
A ,
E AN E˜
M
A = δ
M
N . (B.1)
We introduce p-form superfields as follows,
X ≡ 1
p!
dzMp ...dzM1XMp...M1
≡ 1
p!
EAp...EA1XAp...A1, (B.2)
XAp...A1 ≡
32∑
i=1
X
(i)
Ap...A1
. (B.3)
13
X
(i)
Ap...A1
is component at i-th order in anticommuting coordinates.
C Convention
We use the mostly plus metric; ηab ∼ (− + ...+) . Symmetrization bracket ( ) and
antisymmetrization bracket [ ] is defined as follows,
[M1...MN ] =
1
N !
(M1...MN + antisymmetric terms),
(M1...MN ) =
1
N !
(M1...MN + symmetric terms). (C.1)
D Gamma matrices(11-dimensional)
Since we use the Majorana representation, all components are real.
Gamma matrix Γa αβ is defined as follows,
{Γa,Γb} = 2ηab. (D.1)
We lower the spinorial indices by charge conjugation matrix Cαβ .
ψ¯β = ψ
αCαβ,
Γa αβ = CαγΓ
a γ
β. (D.2)
The symmetric matrices are
Γa,Γa1a2 ,Γa1...a5,Γa1...a6,Γa1...a9,Γa1...a10 , (D.3)
and antisymmetric matrices are
C,Γa1...a3,Γa1...a4,Γa1...a7 ,Γa1...a8,Γa1...a11. (D.4)
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